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1. Introduction

Several methods have been developed in the last decades to deal with the subject of
transmission path analysis (TPA) in noise and vibration problems. A distinction can be made
between the so-called one-step methods and two-step methods. The MISO method [1] is a one-
step TPA method because it only requires operational measurements among subsystems in a
linear N-dimensional network. That is to say, the method allows factorization of the signal
(usually acceleration, velocity or displacement in a given direction, or the acoustic pressure at a
given location) at one network subsystem in terms of the signals or forces at the remaining ones,
with the use of only operational measured data. This is to be compared with two-step TPA
methods like the GTDT method (global transfer direct transfer, see Ref. [2]) or the FTF method
(force transfer functions, see Refs. [2-4]), which require transfer functions to be measured initially
with the network stationary. Operational measurements are carried out in a second step and the
previously measured transfer functions are then used to obtain the desired signal factorizations.

The bases of most TPA methods were developed in the mid 1970s. Since then much work has
been done in order to solve some of their numerical problems, as well as to enlarge their range of
applicability (refer to Refs. [5-8] concerning the FTF methods and Refs. [9—11] concerning the
GTDT methods). In this paper, attention will be paid to the MISO method. It will be shown that
the conditioned spectral density function analysis developed to deal with partially correlated
signals on a linear network corresponds in fact, to the LDL-factorization of the network signal
cross-spectra matrix S. Although this may be a recognized result because the MISO method dates
from the 1970s (see Ref. [1]) the authors have not found any published proof of it. A proof is
derived in this paper that might be found interesting by itself and serve as a compendium to obtain
the MISO factorizations in a compact and straightforward way.

Concerning the notation used in this paper, the term subsystem has been identified with a
single-degree-of-freedom (d.o.f.) of a physical entity and not with the physical entity itself. This
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Fig. 1. The MISO network. First factorization: signal or force frequency response functions.

has been done in order to maintain the notation of related work (see e.g. Refs. [1,11] for an
explanation). On the other hand, the term signal will always refer to a scalar quantity (e.g. the
acceleration in one direction at a given point as mentioned above).

The MISO-network corresponds to a special case of the N-dimensional linear network (see
Fig. 1). The signal at one particular subsystem with no force acting on it is chosen as the output
while the signals or forces at the remaining ones are termed the problem inputs. Signals will be
used as inputs in the expressions derived below, although these expressions remain valid for forces.
Note that if N — 1 forces are entering the system, N — 1 signals have to be used if the method is
not to be applied using forces (see Fig. 1). The output is identified with the Nth subsystem of the
network and it will be often symbolized with the subscript y following the notation in Ref. [1]. The
method aims at finding the frequency response functions between every input and the output (see
Fig. 1). The output can be linked to the inputs by means of the linear relation' (see Ref. [1])

N-1
8 =Y Hydi, (1)
i#y
where ﬁiy are the unknown frequency response functions, §; is the signal at the ith network
subsystem, §, denotes the signal at the output and the circumflex superscript denotes frequency
dependence. In order to find the unknowns ﬁiy, both sides of Eq. (1) are multiplied by §]* and then
averaged (the ensemble average or the time average under the ergodic assumption can be
considered, see e.g. Refs. [1,12] for details) to arrive at

- N—1 -
Sy = Z H,S;i, j#». 2)
i#y
Similarly, it is possible to multiply both sides of Eq. (1) by §;" and then average to obtain the
auto-spectrum at the output

N-1 _
Sy = Z H;,S,. (3)
i#y

"In Ref. [1] a noise term is added to Eq. (1), which has not been included here for the sake of simplicity.
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In Eq. (2), §_,-,- stands for

. M
Sji = Z §7Sik ()
k:

and analogous expressions are assumed for SJ , and for Syy and Sy, in Eq. (3). M is the number of
samples. Eq. (2) can be solved to find H,} once the various signal cross-spectra have been
measured. Then, Eqgs. (1) and (3) can be used to find the signal and the auto-spectrum
factorizations, respectively, at the output. The range of validity of this procedure can be better
understood if Eq. (2) is written in matrix form

Siy Su Sz - Siva H,
Sy | _ | Su S» - Sova H>, 5)
Sn-1y Sv-11 Sn-12 -+ Snovoa Hy-1y

When trying to solve Eq. (5) three different cases occur (see e.g. Ref. [13]). First, the problem
cannot be solved if the subsystem signals are fully correlated because the matrix columns become
linearly dependent and consequently, the matrix determinant turns out to be null. Second, if the
subsystem signals are fully uncorrelated, the matrix system is easily solved as S becomes diagonal.
This yields

Hy,=%> Vi=1,...,.N—1. (6)

Third, if the subsystem signals are partially correlated, the matrix S is no longer diagonal
and the linear system (5) has to be solved to obtain the various ﬂ[y. Several algorithms
exist to invert S and solve Eq.(5). The conditioned spectral density functions developed
in Refs. [1,14,15] can be obtained in fact, as a by-pass product of a particular procedure
of solving the linear system (5). As mentioned above, it is the purpose of this paper to show
that all the terms arising from the conditioned spectral analysis can be obtained in a compact
form by means of the LDL-factorization of the cross-spectral density matrix S. The LDL*-
factorization of a matrix can be obtained straightforwardly from its LU-factorization
(see Ref. [16]) that is one possible way to solve Eq. (5). The importance of the conditioned
spectral density functions relies on the fact that they give information on the noise and
vibration transmission paths among the network subsystems. That is, in some cases for instance,
they can determine the amount of the signal at the output that is due to the direct link between the
output and say, subsystem 1, and how much of the output signal comes from the remaining
subsystems.
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2. Conditioned spectral density functions
2.1. Compact formulation by means of the LDLY -factorization

The signal at subsystem i when all linear effects from the remaining subsystem signals §;...5;;
have been removed from it by using least-squares techniques (see Refs. [1,12]) will be denoted by
Siel...i—1. In an analogous way, S'l-j.] will denote the conditioned cross-spectral density function
between subsystems i and j without passing through subsystem 1. S‘,-j.l can be obtained from

Syor = Sllsij:_ Silslj'
Sn
That is to say, Eq. (7) represents the cross-spectral density function between i and j when the
linear effects of §; are removed from §; and §;. This equation can be generalized so that the
conditioned cross-spectral density function between any pair of subsystems i and j, when
the linear effects of the subsystems set {1...n} has been removed from their signals, turns out to be

(7)

& Snnol...n—ISijol...n—l - Sinol...n—ISnjol...n—l
Sij.l‘..n = A s
SnnOl...nfl
i=n+2,....N, j=n+2,...,N. ®)
By defining the parameter I:,j as
. Ay
Ll] = Alj Lo 19 I,] = 19' )N (9)
iiel...i—1
it follows that (see Ref. [14])
i} N—1 ) A
Syy = ‘Liy‘ Siie1...i-1 + Syyol.A.N—l (10)
i=1
and the signal at the receiver, §,, can be obtained from (see Fig. 2)
N A
§y = Z Liyﬁiol...ifl- (11)
i=1
°
A /ﬁ S \\i_\N 2 fAN-Z-l...N-3\l/
Ly .- AN \\\ Tl -
- ,/ \\ RN "1 Sv21.n3
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Fig. 2. The MISO network. Second factorization: signal or force conditioned spectral density functions.
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Eq. (11) gives the signal at y as the summation of various contributions: contribution from
subsystem 1, plus contribution from subsystem 2 when the linear effects from 1 to 2 have been
removed, plus contribution of subsystem 3 when the linear effects from 1 and 2 to 3 have been
removed, etc. Hence, Egs. (1) and (11) allow the signal at the output from the original and
conditioned signals at all the remaining subsystems, respectively, to be reconstructed once the
parameters H,y and L,} have been found. The same follows for the auto-spectra in Egs. (3) and (10).

The relations between Sje; -, and H; and between H,, and L;, are given in Refs. [14,15] with
some minor differences concerning the notation used here and the addition of the noise term
mentioned previously. These relations are given by

v

2 l'.l...Nij ..
H; :751 ., Nj=1{N} - {ij}, (12)
iiel...N,

i

fJNfl)):I—AINfly- (13)

I
\Mi
=

As mentioned above, the conditioned spectral density functions approach and their
corresponding equations may be easily understood as naturally arising from the process involved
in the solution of the linear system (5). If an LU-factorization of the cross-spectra density matrix S
is performed to do so, the parameters L,, and the conditioned signals are recovered. By including
an extra row and column in S, corresponding to the output (Nth subsystem), it follows from the
LDL -factorization of S that

S =LDL”
1 0 0 0 0] _. -
3 S 0 0 0 0
2L 1 0 0 0 A
S 0 S22.1 0 0 0
S31 0 S3e1 N
_ Sll 522-1 1 0 0 0 0 533012 0 0
Su Sper  Susens 1 0 0 0 0 S 0
SiL sdel Sdield 44012
Sit Sxnet S3sen2 . . . . 3
Lo oll s L0
& SNz-l SN}-lz AS‘NN—IOI,..N—2 1 L 0 0 0 0 0 SNNOI...N—I |
LSt Sner Sizen2 SN_IN-lel..N-2 J
Su Su S S
0 1 Smer Sua ., SN
S22e1 S22e1 S2201
0 0 1 Suein ... S3ner
X S33e12 S33e12
0 0 0 1 :
AS'N—INOIU.N—Z
SN_IN-lel..N-2
0 0 0 0 1
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- - - A

1 0 0 0 0 St 0 0 0 0
Ly 1 0 0[] 0 Spa 0 0 0
_ Ly, L% 1 0 0[] 0 0 Spen 0 0
| B B R | oo o0 0 Sieins 0
: : : 0 : : : : ) 0
_i‘TN L3, L Ly L[ O 0 0 0 0 SNN.]...N—]_
(1 L Ly Lig - Ly ]
0 1 Loy Ly - Loy
o 0 O 1 L3y - L?N ’ (14)
0 0 0 I :
: Ly 1y
0 0 0 0 1]

where use of S;“,l = Sjie1..n and I:* = S;,l 1/S%,, ., has been made in the last equality,
and the over bar denotmg mean Values on matrix components has been omitted to simplify the
notation. Note that in order to keep the original notations in Refs. [1,14,16] a certain
inconsistency has arisen, since elements of matrix L in Eq. (14) are given by I:;? instead of I:l-j.
Nevertheless, this has no further complication and does not influence the foregoing results.
Eq. (14) will be proven in next Section.

From Eq. (14), S can be expanded as

Siier..i (1) = SuLiADT + Srperla(l)?

Ui
I
Mz

i=1
+ S33e1281) T + - + Syver vy, (15)

where I; denotes the ith column vector of matrix L and llH its adjoint. The series development for
the various elements in Eq. (15) allow e.g. Eq. (10) to be recovered and give rise to the various
transitional relations of the method (see Refs. [14,15]). Note also that the identity 7r(S) =
tr(LDL*) (with tr(-) denoting the matrix trace) states the obvious fact that the whole energy of the
system does not depend on how it is factorized among the various subsystems.

2.2. Proof

The proof of Eq. (14) in the previous Section starts by finding the LU-factorization of matrix §,
i.e. factorizing S as a product of a unit lower triangular matrix, L, (with units on the main
diagonal) and a regular upper triangular matrix, U.
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The first result will show that the N x N matrix U is given by the following expression:

Sn S Si3 S Sin
0 Syer Suer Swue - Sovel
U— 0 0 Sienn %4-12 33]\'%12 . (16)
0 0 0 :
| 0 0 0 0 SNN.I...Nfl_

Note that again, over bars denoting averages on matrix elements have not been explicitly written.
It is shown in Ref. [16] that the N x N upper triangular matrix U of S can be written in terms of a
product series of the so-called gaussian matrices. That is

_ N-1 _
U=My_My_>...M_M,;S = (H MNi> S, (17)
i=1

where M; is given by
i T
M; =1-te;, (18)
I is the identity matrix, t' = (0 ...; -eros 0, Tiv1 ... ’L'N)T is the ith Gauss vector whose components

(i 4+ 1 : n) are the so-called Gauss multipliers, and e; is the ith vector of the canonical base.
If the matrix U” is identified with the product of the first # terms in Eq. (18),

U'=MM,_;..MuM;S, 1<n<N -1 (19)

the multipliers of the matrix M, can be obtained from the components of the U"” matrix:

il LlZ+2n+1 u’;\ln-&-l !
t"'=(0 .. 02 e . (20)
n+1 zeros un+1n+1 un+1n+1

Particular cases of Eq. (19) are UY"! = U and U! = M1§. On the other hand, note that Eq. (20)
requires that Uy, #0 for any n.
It will be proven by induction that U” has the following expression:

St S Sz - Stn S+ Sin

0 Sner Sozer - Sonel Sontlel Sonel

0 S3sern - S3ne12 S3ntle12 S3inel2

: : 0 . : : : :

v=|o T

. . . : Snnol...nfl Srm+lol...n71 SnNol...nfl

0 Sutintiel..n == SuNel..n
0 0 Suitelm - Snvelm |
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Case n = 1: It will be first shown that Eq. (21) holds for n = 1. From Eq. (19) it follows
U! = M;S, and Egs. (18) and (20) yield

0 T 0 0 07
. ~$/8y 1 0 0 0
Sa1/Sn S ;S 0 1
My =I-| 8§/8, [010 0= | /7 = . (22)
R :S* : Do . .0
wi/Su -Svi/81 0 0 - 0 1]
Performing the matrix product of M; and S for the elements of matrix U’ results in
Uifl'_svl]’ l:13 ]:13 ;N
Uj=0, i=1,..N, j=1
T
Up =8y - Sl YV o j=2,..,N, j=2,..,N (23)
11

and from the recursive relation for the conditional cross-spectra functions (8) it can be seen that
the last equality of Eq. (23) becomes

< Su8y, SuSu - SuSy
Ul =8 - ; v _ Sy “S PV — o1, i=2,..,N, j=2,...,N (24)
11 11

so it is now clear that U' can be obtained from Eq. (21) with n = 1.
Case n + 1: It will be now proven that if U” is given by Eq. (21) then U""! can be obtained from
the same expression. From Eq. (19) it follows that

Un-H = M11+1Un (25)

and using Egs. (18) and (20) M,,;; becomes

0
Mn+1 :I_ S/i+2n+]ol...n—l (O 0 1 0 0)

Sn+1n+101“.n71

SNntlel..n-1
Sn+1n+101“.n71
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1 0 0 0
0
- 0 0 0 _ L?fﬁ»ZrH»lOl...n—l 1 . O 0 . (26)
Sn+1/1+1-1...n—1
0 :
: : : : L0
_ ﬁNn+lol...n—1
_0 O S)H»]}H»]o],.,n—l 0 O 1_
Performing the matrix product (25) for the U""! elements yields
U;J?Jrl - Ug, i=1,...,n+1, j=1,...,n4+1,
Uptt =0, i=n+2,..,N, j=1,....n+1,
& S'no n— Sn'o n—
ULt = Sjat. oy — Sl IE el = 2, LN, j= 042, N 27)

Snnol...nfl

and using again the recursive relation for the conditional cross-density functions (8), the last
equality of Eq. (27) can be written as

SinOl...nflsnjOI..‘nfl &

U =Sje1.n1 — X = Sijel...n»
Y o Snnol...n—l o
i=n+2,...,N, j=n+2,...,N. (28)

So it has finally been shown that Eq. (21) holds for U"*! if it holds for U", which proves its
validity together with the result for the case n = 1.

Once U is obtained, it is necessary to calculate the unity lower matrix L. L is given by the
following expression:

1 0 0 0 0
S 1 0 0 0
Sn
& 532-1 1 0 0
S S22e
L — All A22 1 . (29)
Sy Suel Ssenn 1 0
Sit Sxnet S3en2
M SNz.l S:N}-lZ . ﬁM\ulol..,muz 1
L St Sxe1 S3zen2 SN_IN—lel..N-2 |
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A series product development of L can be used to prove (29) (see [16]). L can be obtained from the
inverses of the various gaussian matrices appearing in Eq. (17)

N—-1
L=M'M;"'. .M M =[] sy (30)

i=1
These inverses can be easily calculated taking into account that
M; ' =1+te/. (1)

In order to finally prove that L has the expression in Eq. (29), an induction process very similar to
the one followed to obtain U can be applied to Eq. (30). As no new insight is gained, this process is
not performed here. _

From the above deductions the LU-factorization of S has been obtained, hence

S=LU (32)
with L given by Eq. (29) and U given by Eq. (21). Obtaining the LDL*-factorization of S is now
straightforward. U is written as a product of two matrices: a diagonal matrix D whose terms are
given by the diagonal of U and another matrix, U’, which is unity upper triangular and whose
rows are those of U divided by the corresponding row-clement of D. It follows

U=DU (33)
and from Eqgs. (16), (29) and (4)

U =1~ (34)
Hence the LDL/ -factorization of S Eq. (14) has been obtained.

3. Conclusions

In this paper, it has been shown that the conditioned spectral density function analysis
developed to deal with partially correlated signals on a linear network can be obtained from the
LDL" factorization of the network signal cross-spectra matrix S. This allows all the terms
appearing in the series development of the conditioned spectral analysis to be obtained in a clear
and compact formulation. As most modern mathematical software packages contain matrix
factorizations such as the LU or the LDL¥ ones, it is quite a straightforward matter to carry out a
conditioned spectral analysis from measured data.
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